The Green-Schwarz superstring action in a general type IIA or IIB supergravity background is derived up to fourth order in the Grassmann-odd coordinates θ. This is done by solving the superspace Bianchi identities order by order in θ, to quadratic order for all superfields and to quartic order for the supervielbeins. For a large class of backgrounds it is possible to fix the kappa symmetry in such a way that the action actually terminates at the quartic order in θ.
Introduction
In many examples of the AdS/CFT-correspondence [1] string theory on an AdS-background with RR-flux is conjectured to be dual to a conformal field theory living on the boundary of AdS. Particularly interesting examples, because of their integrable structure, include:
• Type IIB string theory on AdS 5 × S 5 with RR five-form flux [2] .
• Type IIA string theory on AdS 4 × È 3 with RR two-and four-form flux [3, 4, 5] .
• Type IIB string theory on AdS 3 × S 3 × T 4 or AdS 3 × S 3 × S 3 × S 1 with RR (and/or NSNS [6] ) three-form flux [7] .
• Type IIA string theory on AdS 2 × S 2 × T 6 with RR four-form flux [8] .
The last two have both type IIA and type IIB realizations due to T-duality. For the last case there is also a version with both two-and four-form flux also related by T-duality.
An important tool in studying the AdS/CFT-correspondence is the study of semiclassical strings in the relevant background. Since the NSR-formulation of the string is not suited for describing strings in RR backgrounds one typically relies on the Green-Schwarz formulation, which is perfectly suited for describing strings in any supergravity background, at least at the semiclassical level. The backgrounds listed above preserve 32, 24, 16 and 8 supersymmetries respectively and therefore they have a supercoset realization with the same number of fermionic coordinates. For all but the last example this means that the Green-Schwarz superstring, which has 16 physical fermions, can be described by a supercoset sigma model. However, this supercoset sigma model is in general a (partially) kappa symmetry gauge-fixed version of the full Green-Schwarz string which has 32 fermions. Due to subtleties with gauge-fixing of kappa symmetry it turns out that this gauge-fixing is not always compatible with the string configuration one is studying leading to potential problems with the supercoset formulation in certain cases. Because of this it is sometimes desirable to work with the full Green-Schwarz superstring. 1 Unfortunately the full Green-Schwarz supersting action is only known in a few special backgrounds such as AdS 5 × S 5 [11] , where it is the same as the supercoset sigma model, AdS 4 × È 3 [5] , where it was found by dimensional reduction from eleven dimensions, a certain 7-brane background [12] and plane-wave backgrounds. However, the action is known to quadratic order in fermions in a general type II supergravity background [13] , something which has proved to be quite useful for semiclassical computations.
In this paper we will construct the type II Green-Schwarz superstring action in a general supergravity background (with vanishing gravitino and dilatino) to fourth order in the fermions. We hope that this result will be useful in the study of semiclassical strings in the AdS/CFT-context. To write the Green-Schwarz action to a given order in θ one must know the supergeometry, specifically the supervielbeins, to the same order. The supergeometry can be found in a systematic way order by order in θ from the superspace constraints and Bianchi identities. We carry out this construction up to order θ 4 for the supervielbeins. 2 It could in principle be pushed to higher orders but the complexity of the expressions increases quite rapidly. In fact, for a large class of 1 The classical integrability has been extended to the full Green-Schwarz action up to quadratic order in fermions [9, 10] (and in the AdS4-case to all orders for a truncated model).
2 An alternative approach would have been to obtain the result by dimensional reduction from eleven dimensions where the supergeometry is known up to order θ 5 [14] .
backgrounds including the ones mentioned above, the fourth order action is enough in the sense that one can find a certain light-cone kappa symmetry gauge fixing such that the action terminates at the quartic order in fermions. This was suggested in [15] where the kappa symmetry fixed type IIB superstring action was also constructed for these backgrounds. Here we are able to write a more compact and geometrical expression for the action which is not gauge-fixed and covers all possible backgrounds.
The outline of the paper is as follows. In section 2 we give our results for the superstring action in a general type II supergravity background up to quartic order in θ. We also review the argument for why one can find a kappa-gauge such that the action terminates at this order for a large class of interesting backgrounds. The rest of the paper is devoted to the derivation of these results. In section 3 we outline the systematic process for solving the superspace Bianchi identities order by order in θ. All superfields of the type II background are computed to order θ 2 , while the supervielbeins (and B field) are computed to order θ 4 . Section 4 contains our conclusions.
Appendix A gives our spinor and gamma matrix conventions and in appendix B we describe the constraints and Bianchi identities of type IIB supergravity in superspace. For the type IIA case the superspace constraints are listed in appendix C. The constraints are written in a form which makes it trivial to go between the IIA and the IIB case.
2 The type II superstring action to order θ
4
The Green-Schwarz superstring action takes the following form in a general type II supergravity background [16] 
where E a (a = 0, . . . , 9) are the vector supervielbeins of the background pulled back to the worldsheet and B is the NSNS two-form potential also pulled back to the woldsheet. We are using 2d form notation and the Hodge-dual ' * ' is defined using an auxiliary worldsheet metric. 3 We will assume only that the background is a supergravity solution with vanishing fermionic (gravitino, dilatino) fields. The supervielbeins and B field are superfields and therefore depend both on the ten bosonic coordinates and also on the 32 fermionic coordinates of the type II superspace. The action therefore has an expansion in even powers of the fermions Θ up to 32nd order which follows from the expansion of these superfields. In this section we give the expansion up to fourth order in Θ. The rest of the paper is devoted to deriving the expansion of the superfields to this order. We will write the expressions for the IIA case and at the end of the section we explain how to obtain the IIB expressions by simple substitutions in the IIA expressions.
The zeroth order Lagrangian is obtained by simply setting the fermions to zero in (2.1),
where we denote the purely bosonic vielbeins by e a and B (0) is the lowest component in the θ-expansion of B.
The terms quadratic in fermions take the following form
where
4)
ω ab is the spin connection, H = dB is the NSNS three-form field strength and
The derivative operator D is the Killing spinor operator as we will discuss below. The matrix S encodes the dependence on the dilaton φ and RR-fields (recall that we are describing the IIA case here with RR two-and four-form fields, the IIB case will be discussed below). Here Θ is a 32-component Majorana spinor, see Appendix A for our spinor and gamma-matrix conventions. The quadratic action was first derived in [17, 13] starting from the supermembrane action in eleven dimensions.
The main result of this paper is the quartic superstring Lagrangian which takes the form
To shorten the expression we have defined two matrices which are quadratic in fermions
In addition two new matrices constructed from the background fields contracted with gamma-matrices appear at this order
These have a simple interpretation as the matrices that appear in the conditions that ensure supersymmetry of the background. For the background to preserve some supersymmetry the corresponding supersymmetry parameters should make the variation of the dilatino and the gravitino field strength vanish. These conditions read
where we used (C.14) and (C.20). Therefore supersymmetries of the background correspond to spinors annihilated by the matrices T and U ab , i.e. T and U ab are typically proportional to projection operators (1 − P) where P projects on the supersymmetries of the background.
Normally one talks about the supersymmetry variation of the gravitino itself vanishing which is equivalent to the Killing spinor equation
The equation for the vanishing of the supersymmetry variation of the gravitino field strength is in fact the integrability condition for the Killing spinor equation since
We therefore see that the matrices T and U ab have nice interpretations in the type II supergravity. When the background preserves some supersymmetry or, more generally, has some superisometries the string action will be invariant under the superisometry transformations
The superfields K m and Ξ α can be constructed order by order in θ in a very similar way to how the supervielbeins are constructed (see section 3). For a supersymmetry the lowest component of Ξ is the Killing spinor while the lowest component of K vanishes.
So far all that we have said applies to a type IIA supergravity background, however we have chosen to write the expressions in such a way that they generalize almost trivially to the type IIB case. The 32-component Majorana spinor Θ α should be replace by a doublet of 16-component Majorana-Weyl spinors Θ αi i = 1, 2. Similarly the gamma-matrices are replaced as follows
Finally, instead of the S defined in (2.5) one should use the expression appropriate to type IIB
Here (σ 1 , σ 2 = −iε, σ 3 ) are Pauli matrices and γ a are 16-component gamma-matrices defined in Appendix A. With these replacements all the previous expressions apply also for the superstring in a type IIB supergravity background.
Exact quartic action for certain backgrounds
As was pointed out in [15] many supergravity backgrounds of interest belong to a class for which the fourth order action is actually the complete answer. This class includes for example the backgrounds listed in the beginning of the introduction. This statement is true provided that one fixes the kappa-symmetry of the string in the appropriate way. The argument is quite simple: Suppose it is possible to find light-cone coordinates such that 1. The supergravity fields depend only on the transverse coordinates, i.e. ∇ ± φ = 0, ∇ ± H abc = 0 etc.
The background tensor fields have only transverse indices or a pair of +− indices
, i.e. R ±a ′ b ′ c ′ = 0, F ±a ′ 1 ···a ′ n = 0 etc.
(the prime denotes transverse directions).
Then, fixing the kappa-symmetry by demanding that Γ + Θ = 0, the only non-zero spinor bilinears that can appear in the string action are of the form
Because of the assumptions (1) and (2) above the single '−' index can only be absorbed by multiplying with a vielbein e + . This means that in the Lagrangian (2.1) each spinor bilinear must be accompanied by a vielbein and since the Lagrangian contains at most two vielbeins the action must truncate at fourth order in Θ.
For these backgrounds the action presented here is therefore the complete answer (at least in this kappa-gauge). This makes the quartic action particularly interesting. Note that the statements here apply to the action after fixing kappa symmetry but before fixing the bosonic symmetries.
Fixing also the bosonic symmetries will typically reintroduce higher order θ-terms in the action through the Virasoro constraints. It is known that this can be avoided in certain cases including the first three backgrounds listed in the introduction by choosing a special, non-conformal, "AdS light-cone" gauge [18, 19] . 4 Note also that the gauge Γ + Θ = 0 is not automatically compatible with a certain bosonic gauge-fixing for some string configuration. The consistency of the gaugefixing must be checked by hand.
Solving the Bianchi identities for the θ dependence
In this section we show how to obtain the type II supergeometry systematically as an expansion in θ. All superfields are obtained to order θ 2 while the supervielbeins and B-field, which are needed for the string action, are obtained to order θ 4 . It is in principle straightforward to push the calculation to higher orders in θ but the expressions become quite long and not very illuminating. We assume that the fermionic fields are zero in the background. It is straightforward to include them but the expressions become longer and we did not find it particularly useful.
The method we use is essentially the superspace normal coordinate expansion outlined in [20] , applied to the fermionic coordinates θ (see [14] for an application of this procedure to elevendimensional supergravity). Rescaling the fermions by a parameter t θ → tθ (3.1) the θ-expansion of a superfield becomes an expansion in t, e.g.
for the vector supervielbein. One can then write a set of first order (coupled) differential equations in the variable t for the set of superfields of type II supergravity. To do this one uses the fact that
where the normal coordinate Θ is defined as
For the supervielbeins one then finds for example
and similarly for the spin connection superfield Ω ab . Using the definition of torsion and curvature (see the Appendix), together with (3.4) one finds
where T a , T α are the components of the torsion superfield and R ab is the Riemann curvature superfield. These fields are subject to superspace constraints which are described in the Appendix (as in the previous section we write the equations appropriate to type IIA and describe how to obtain the type IIB case by simple substitutions at the end of the section), e.g
Using these constraints, specifically (C.7), (C.9), (C.10) and (C.15) the equations become
The bosonic superfields appearing in these expressions are the NSNS three-form field H abc and the matrix encoding the RR-superfields S, defined in (C.11) and (B.17) for the type IIA and IIB case respectively, and the fermionic superfields are the dilatino χ and gravitino field strength ψ ab .
Besides the equations for the θ-expansion of the supervielbeins (3.10), (3.11) and the spin connection (3.12) we also need the corresponding equations for the remaining superfields of the theory which appear in the right-hand-sides of these equations. These are easily obtained, for example, from (C.16) we find
From the definition of the dilatino superfield, χ α = ∇ α φ, we get
Similarly, using the equation for the spinor derivative of S (C.17), we find
whereS = Γ 11 SΓ 11 which is equal to S in the IIA case while in the IIB case we haveS = σ 3 Sσ 3 = −S, hence the notation. The corresponding equation for the Riemann tensor superfield, although it will not be needed to find the superstring action to order θ 4 , is
Finally we need the equations for the fermionic superfields. Using (C.14) we find for the dilatino
17) while for the gravitino field strength we find, using (C.20),
This completes the list of superfields in the theory, but since we are interested in the string action it is not enough to know the NSNS three-form field strength H, we want to know its two-form potential B which appears in the string action. Fortunately this is easily obtained from H by the formula 19) where B (0) is the purely bosonic part of B. Using the superspace constraint on H in (C.5) we find 20) which is easily evaluated once we know the form of the supervielbeins to a given order. Analogous formulas can be used to obtain the RR potentials which are needed if one wants to write down D-brane actions.
In general this set of coupled first order differential equations has to be solved order by order in t, i.e. θ. In very special cases, namely when the background is maximally supersymmetric they can however be solved exactly in a rather simple closed form. The reason for this is that for a maximally supersymmetric background the fermionic superfields χ and ψ ab vanish identically (at lowest order this follows from the supersymmetry transformations (2.10)), leading to drastic simplifications of the system of equations. This simplification is related to the fact that in the maximally supersymmetric case the superspace is in fact a supercoset space. This simplifying structure has been exploited to construct the full supergeometry of AdS 5 × S 5 [11, 21] and also those of AdS 4 × S 7 and AdS 7 × S 4 [21, 22] in eleven dimensions. When there is less than maximal supersymmetry a subspace of the superspace can still be a supercoset. This leads to some simplification but it is not clear if this is enough to find the full supergeometry directly instead of order by order in θ.
As in the previous section we have written the equations in such a way that the corresponding type IIB equations can be obtained by trivial substitutions. These are as follows
and using the appropriate form of S given in (B.17).
Solution to order θ 2
Here we construct all the superfields of the supergravity background up to order θ 2 using the approach laid out in the previous section. We will assume that in the supergravity background the fermionic fields vanish. This means that the fermionic superfields will have an expansion in odd powers of θ and the bosonic ones will have an expansion in even powers of θ.
For the supervielbeins we find, using (3.11) and (3.10),
where D is the Killing spinor derivative operator defined in (2.4). The dilatino and gravitino field strength superfields at linear order in θ are easily found by evaluating (3.17) and (3.18) at θ = 0 and one obtains χ
where the matrices T and U ab are defined in (2.8) and (2.9) and determine the amount of supersymmetry of the background. Once we know all fermionic superfields at linear order it is easy to find the bosonic ones at the quadratic order. From (3.14) and (3.13) we find for the dilaton and NSNS three-form
while from (3.15) we get
Finally, from (3.12) and (3.16) we find the spin connection and Riemann curvature tensor
Using (3.20) the B-field follows from the expression for the supervielbeins and we get
This completes the construction of all superfields to order θ 2 . The corresponding expressions for the type IIB case are obtained by simple substitutions as explained at the end of section 2.
Supervielbeins and B-field to order θ 4
In this section we will derive the supervielbeins and B-field, which are needed to write the superstring action, to order θ 4 . The other superfields can also be easily obtained but we will not give them since we do not need them. From (3.10) it follows that the fourth order terms in the vector supervielbein are given by
And from (3.20) it follows that the B-field at this order is given by
All that remains then is to determine the cubic terms in the spinor supervielbein. From (3.11) on finds
Using the expressions obtained for the superfields at the linear and quadratic order in θ we obtain
where the matrices M and M are quadratic in Θ and were defined in (2.7). Using these expressions in the general expression for the string action (2.1) one obtains the quartic Lagrangian given in (2.6).
Conclusions
We have constructed the type IIA and type IIB superstring action to quartic order in θ in a general supergravity background (with vanishing fermionic fields). To obtain this action we had to find the supervielbeins of the background to the same order. This can be done straightforwardly by solving the superspace Bianchi identities order by order in θ although the expressions quickly become quite involved. We have also argued that knowing the quartic action is especially interesting since for many backgrounds of interest, for example in the AdS/CFT context, one can find a kappa-gauge such that the string action actually truncates at this order. We therefore hope that the action presented here will be useful for semiclassical string computations, especially in the AdS/CFT context. It would be very interesting to study the integrable structure of this action, especially for cases where there is no (complete) supercoset description such as AdS 2 × S 2 × T 6 . We hope to address this question in the near future.
Appendices

A Spinor and gamma-matrix conventions
In the type IIA case the Grassmann-odd coordinates are represented as one 32-component Majorana spinor Θ α (α = 1, . . . , 32). While in the type IIB case they are described as a doublet of 16-component Majorana-Weyl spinors Θ αi (α = 1, . . . , 16 and i = 1, 2).
For the type IIA case the appropriate gamma-matrices are 32×32 matrices satisying the Clifford algebra
where the Minkowski metric has mostly plus signature. Together with Γ 11 = Γ 0···9 they form the D = 11 gamma-matrices Γâ (â = 0, . . . , 9, 11). The symmetry properties are as follows
Here C is the charge conjugation matrix used to raise and lower spinor indices. It satisfies C 2 = −1. All spinors are defined with an upper index and the charge conjugation matrix will mostly be left implicit, e.g. Γ a αβ = (CΓ a ) αβ . It can always be restored by looking at the position of the spinor indices.
The D = 11 gamma-matrices satisfy the basic Fierz identity
They also satisfy the duality relations
In the type IIB case the appropriate gamma-matrices are instead 16 × 16. They can in fact be taken to be the off-diagonal blocks of the 32 × 32 gamma matrices in the realization
These have the symmetry properties and the duality relations
Note that γ abcde is self-dual.
B Type IIB supergravity in superspace
Here we briefly review the formulation of type IIB supergravity in superspace [23] and write the superspace constraints in a useful form for our calculations. The torsion and curvature two-forms are defined as (A = a, αi)
in terms of the supervielbeins E A and spin connection Ω AB , which satisfies
3)
The Bianchi identities for the torsion and curvature are
In addition we have the NSNS three-form field strength H and RR field strengths F (2n+1) (n = 0, . . . , 4) with Bianchi identities
Note that we are not using a notation which makes the SL(2, R)-invariance of type IIB supergravity manifest [24, 25] . Instead we have tried to use simple constraints which look almost identical in the type IIA and type IIB case so as to make it easy to go back and forth between the two.
It is useful to have the Bianchi identities also in components. For the RR-fields, for example, they take the form
B.1 Superspace constraints
Here we organize the superspace constraints according to the mass-dimension at which they occur. The higher dimension constraints follow from the dimension zero ones (together with certain conventional choices).
Dimension 0
The curvature vanishes at dimension 0 and the non-zero components of the torsion, NSNS three-form H and RR-fields are
where φ is the dilaton superfield and
in terms of the Pauli matrices.
Dimension 1/2
The NSNS three-form H and curvature vanish at dimension 1/2 and the non-zero components of the torsion and RR-fields are 14) where the dilatino superfield is defined as
Dimension 1
The NSNS tree-form H and RR forms F (1) and F (3) are unconstrained at dimension 1. The non-vanishing components of the torsion are 16) where the dependence on the RR fields is captured by the anti-symmetric (in αi ↔ βj) matrix
The modified RR field strengths, denoted with a prime, are defined as
The constraints on the RR-fields at dimension 1 are then the duality relations
In particular F
abcde is self-dual. In addition we find at dimension 1 that the spinorial derivative of the dilatino is given by
The last term is easily computed from the definition of S giving
Finally, the dimension 1 curvature can be easily found from the torsion Bianchi identity, 22) which gives at dimension 1
The torsion Bianchi identity (B.22) gives for the dimension 3/2 curvature
where we have introduced the gravitino field strength equal to the dimension 3/2 component of the torsion
This implies that the dimension 3/2 curvature is given by
From the Bianchi identity for the NSNS three-form H one finds
27)
It will be useful to also have an expression for the spinor derivative of the RR-matrix S defined in (B.17). This can be derived from the appropriate component of the torsion Bianchi identity (B.22). For i = j we have
Using the expression for the dimension 3/2 curvature (B.26) and (B.27) and multiplying with γ a we get
or equivalently,
(B.30)
From the remaining dimension 3/2 torsion and RR-field Bianchi identities one finds that the gamma-trace of the gravitino field strength is given by
while the dilatino satisfies the equation of motion
Dimension 2
At dimension 2 we would find the bosonic equations of motion but as we will not need these here we will only derive the expression for the spinorial derivative of the gravitino field strength which we will need. From the torsion Bianchi identity (B.22) we get at dimension 2
This gives the following equation for the spinorial derivative of the gravitino field strength C Type IIA supergravity in superspace
Here we will give a brief description of type IIA supergravity in superspace [26] . We will use a form of the superspace constraints which is essentially identical to that used for the IIB case. This is useful since it lets us easily go back and forth between the type IIA and type IIB case by just replacing the spinors and gamma matrices appropriately.
The basic definitions of torsion and curvature are the same as in the type IIB case. The spin connection now satisfies
The only difference in the field content is that we now have even RR-form field strengths satisfying dF (2n) = −F (2n−2) H (n = 1, . . . , 5) , (C We take the scalar field strength F (0) to vanish, i.e. we will not consider the Romans massive type IIA supergravity.
Since the calculations are essentially identical to those of the IIB case we will just list the superspace constraints for the IIA case.
C.1 Superspace constraints
Dimension 0
The non-zero components at dimension 0 are The non-zero components at dimension 1/2 are where the dilatino superfield is defined as χ α = −C αβ ∇ β φ.
Dimension 1
The non-zero components at dimension 1 are The modified RR field strengths, denoted with a prime, are defined as Note that F (0) , the Romans mass parameter, is taken to vanish but F ′(0) is still non-zero. The constraints on the RR-fields at dimension 1 are then the duality relations The spinorial derivative of the dilatino is given by
(C.14)
